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I. INTRODUCTION

In engineering the study of groups of interrelated
components acting as a collective independent unit is usually
referred to as systems theory. The concept of a system is
quite general, however, and it is consequently appropriate
also in such fields as the physical sciences, economics,
ecology, sociology, and so on. Of interest is the mcdelling,
simulation, and analysis of such systems, the goal being not
only to understand them, but to predict and control their
behavior as well.

Since the nature of most systems is dynamic, their
history is of particular interest. An important method of
modelling this evolution is to indicate the trend in the

state of a system due to its immediate condition. If the

evolutionary model takes the form of a differential equation.
4t this point mathematics becomes an important tool to the
systems theorist.

To achieve greater generality in such a differential
equation model, the system state may be assumed to belong
to some abstract space. The resulting theory is then ap-
plicable to a variety of specific cases. Since it may also
be necessary to study systems subject to random influences,

stochastic differential equations are also of interest. In



this dissertation one aspect of systems theory is presented
in the context of both abstract and stochastic models. This
is the problem of large-scale systems stability.

Among the difficulties encountered with large-scale
systems is that methods of analysis cannot generally be ap-
plied in a straightforward mamner due to the size and com-
plexity of such systems. This may in fact be used as a
definition of the term "“large-scale'". Large-scale systems
theory involves the development of procedures for applying
existing theory in a manner which makes an analysis tract-
able. A significant approach to this problem has been to
isolate various portions of a system so that the resulting
subsystems are sufficiently small to permit analysis. Based
on the discovered properties of the isolated subsystems and
their interconnecting structure, one may often deduce prop-
erties of the so-called composite or interconnected system.

One property which has been successfully treated by
this method is stabiiity. The major concerns of stabiiity
analysis are to determine the sensitivity of the system state
to perturbation, and also to discover any tendency toward
some preferred or equilibrium state.

A particularly useful method of stability analysis,
which will be of concern here, is the direct methoed of
Lyapunov, by which one investigates a scalar measure of the

deviation of the system state from equilibrium. No specific



history of the system need be known since only the dif-
ferential equation and an appropriate Lyapunov functional
are required. The Lyapunov stability of large-scale sys-
tems has been considered by several investigators (see,
e.g. [1]-[11]). The results presented herein represent a
useful extension of many previous results in that they are
formulated first in the setting of differential equations
on Banach spaces, and second for a variety of stochastic
differential equations. This includes a large number of
cases not previously considered and allows, as an extra
advantage, the analysis of hybrid systems (i.e., systems
described by mixed types of differential equations). In
addition, the theory of M-matrices has been applied to ob-
tain several new stability theorems. In order to demon-
strate the usefulness of these results several specific
examples are included. Finally, in the iast section these
results will be compared to earlier results in more detail

in order that they may be seen in their proper perspective.



IT. NOTATION

In the subsequent development the following notation
will be used. Specialized notation will be explained in
its appropriate context.

Let R® denote a EBuclidean n-space, and let |-| denote
the Euclidean norm. In particular, R will be the real
numbers, and the nomnegative real numbers will be denoted
R" = [0,@). A vector in R™ is specified as x = (x,),
i=1,...,n. Such a vector is said to be positive, i.e.

x >0, if x; >0, i=1,...,4. The transpose of x is de-
noted as x'.

Let an m xn matrix be denoted as 4 = ((aij)),
i=l,...,my j=1,...,n. The transpose of A is denoted as
A'. For a square matrix B let A(B) be an eigenvalue of B,
t{B) be the determinant of B, and tr{B) be the trace of B.
If B is symmetric, Ay(B) and A_(B) will represent the maximum
and minimum eigenvalues of B, respectively. The matrix norm
lal, = [tr(A'A) T2 will be used.

Let bij denote the Kronecker delta, i.e. 2;; =1 and
6ij =0 for i#j].

Banach spaces will be denoted by X or Z with appro-
priate subscripts where necessary. Norms on X or Z are
denoted by |/+|| with subscripts referring to the corre-

sponding space.



The Banach space X = Lp[a,b] will be used, where
Lp[a,b] is the space of Lebesgue measurable functions
on the interval [a,b] with norm [[f]| = [Iglflpdpjl/p <,
1Lp <=,

Time derivatives are expressed by a dot over the var-
iable (e.g., X), while first and second order partial
derivatives are given by V, = (3/8x;), 1=1,...,n, and
Yy = ((az/axiayj)), i=1,...,0, j =1,...,m, where x eR®,

y eR®.

Comparison functions % :R" L R" are said to be of class
K (i.e., ¥ €K) if they are continuous, strictly increasing
functions on K', and if $(0) = 0. If % eK and lim ¥(r) = =,
then ¥ is said to be of class KR (i.e., ¥ eKR).rqfwo com-
parison functions ¥, ¥, ¢KR are said to be of the same
order of magnitude if there exist positive constants kl and
k, such that kj¥,(r) <¥,(r) <ky¥,(r) for all r eR . (For
a discussion of comparison functions, see Hahn [127].)

Let o(r) denote terms of second or higher order in r

so that lim o(z)/r = O.
0



III. DYNAMICAL SYSTEMS ON BANACH SPACES

The continuing use of Lyapunov's direct method as an
important tool in the qualitative analysis of dynamical sys-
tems has been augmented in recent years by the extension of
this method to systems defined on abstract spaces. Such
systems have been considered, e.g., in [13]-[20], and num-
erous other references. The stability of such systems has
been considered in [21]-[30], and others.

Dynamical systems are often described by semigroups of
transition.operators which define explicitly the history of
the system. Several types of dynamical systems are con-
sidered in the literature including strong [19]-[22], weak
[23], extended [24], and limit [25] dynamical systems. In

the following section, strong dynamical systems will be con-
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* how tThe resnuits may aiso ve ap-

plied to weak dynamical systems.

Definition 1 [30]. Let {T,}, t ¢R’, be a family of
mappings of a Banach space X into itself. Then Tt is a
[a)

- et a)

- £+ s
emi-group of transit

[0

on cperators defining a strong dynam-

ical system on X with trajectories

x, = Tia Xg =2 (1)

it

(1) T,a is continuous in both t and a,



(i1) Tjpa = Ta = a, I denoting the identity operator,
and
(1i1) T,T.a = T, .2 ,
for all t, < eR" and a eX.l

It is assumed, henceforth, that

-

7,020 , teR . (2)

t

This will be referred to as the trivial solution.

It often occurs that the most one can determine for a
dynamical system is weak continuity. In this case the sys-
tem is called a weak dynamical system. It is still pos-
sible, however, to apply the theory to be presented, given
certain modifications. If X is a separable and reflexive

Banach space, then the weak topology on X is metriz-

placing all topological and continuity properties with their
weak analogs will lead to weak stability results which are
similar to the strong stability results to be derived. In
fact, in a number of instances, for example, finite dimen-

sional systems, the weak and strong results are equivalent.

Although it is possible to express stability theorems
for (1) (see e.g. [12], [22]), physical systems are rarely
described in semigroup form. Rather, system trajectories

are usually defined by the solutions of a differential



equation on X of the form

X, = Axy 5, Xg=a . (3)

The operator A, possibly nonlinear, is assumed to have its
domain D(A) dense in X. It is also assumed that A0 = O.

A function Xy :R+-+X is said to be a solution of (3)
if x. €D(A) and possesses a derivative which satisfies (3)
for all t eR'. Henceforth, system (3) is assumed to be
well-vosed in the sense that it possesses a unique solu-
tion for each x5 = a eD(A), and solutions depend continu-
ously on a for all t eR.

Under the assumption of well-posedness, the solutions
of (3) determine the semigroup T, on D(A) with T,a 4 >
Xy = a €D(4). Since D(A) is dense in X, T, may be extended
continuously to X. Therefore, (3) defines a strong dynam-
ical system on X. The operator A is known as the strong
infinitesimal generator of T., since

Ax = lim Ax , A 2 +t73(T.-1) ()

g S - t J
for all x €D(A).

Comsider now the following examples.

Example 1: Consider the n-dimensional linear case where

X eR® satisfies the equation



X, =Ax, , X5=a , (5)

A being an nxn matrix. It is well known that the semi-
group for (5) is the nxn transition matrix exp(At). The
domain of A is all of R.

In the nonlinear case on R" conditions for the ex-
istence, uniqueness and continuity of solutions are known
also, but in general a semigroup solution is difficult or
impossible in closed form.

The theory of linear differential equations has been
extended to infinite dimensional spaces and unbounded linear
operators with considerable success (see, e.g. (197, [20],
[27], [30], and so on).

As an example of such a linear system consider the
integro-differential equation |

b

3% xt(u) = xxt(u) + .E K(u,v)xt(v)dv (6)
a

where the kernel K is sufficiently smooth and xthl)slw[a,b]
for each teR'. Equation 6 is of the form (3) and it can be

shown (see [21]) that, given a = a(u), then

% b
x (u) = Tia(u) = eMla(u) + j j R(u,v,7)a(v)dvdr]
o a

(7)
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where R(u,v,T) is the resolvent of K(u,v).H

A differential equation may not be in the proper form
as it is in the example above. This is seen, for instance,

in the following case.
Example 2: The functional differential equation

& x(t) = glxy) , xp(1) = alz) (8)
where x(t) ¢R for each t &R’ and xi(7) = x(t+7) for
T¢[-d,0], is not in the form of Equation 3 since the
domain of the functional g is not R, but rather some func-
tion space.

However by setting

( 3% x () , Tel-d,0)
Ax. (1) = (9)
L glx.(t)) , =0

i

it may be shown that solutions of (8) and (3) are equiva-
lent. Existence, uniqueness and continuity conditions for

(8) may be found in [18], [30], and so on.H

Numerous other examples of systems which are of the
form (3) could be given, including certain classes of par-
tial differential equations, systems of incomplete informa-

tion, differential-difference equations, and others. For
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such examples see [12], [21], [22], [26], and so on.

In Chapter V it will be shown how the diffusion equa-
tion, a partial differential equation of the form (3),
plays an important role in the stability analysis of

stochastic systems.

The Lyapunov stability of system (3) is defined in

the usual manner as follows.

Definition 2: The trivial solution is said to be
agymptotically stable if, given x, = a,

(i) for every € > O there is a ® > O such that for
any a £ X, [lall < & implies “xtH < g for all
t eR", and

(ii) there is a d; > O such that for any a X,

lall < d, implies thH.+O as t 4.l

Definition 3: The trivial solution is said to be
exponentiglly stable if, given xy = a, condition (i)

of Definition 2 is satisfied and
(i1)' there are positive constants dy> M and B such
that for any a £ X, [la]| < d, implies “xtH < Me™ Pt
for all teR'.B

When the 6m's in the above definitions can be made

arbitrarily large, the respective stabilities are said to

be global.
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Stability results for (3) will be expressed in terms
of scalar functions V : X - R and the upper right Dini

derivative of V along solutions of (3) given as

T t7[v(xy) - V)] . (10)
t-ot

ne

V(a)

The ordinary derivative is not used since it may be un-

defined.

In order to take advantage of (3) in the expression
for V, it is necessary to restrict the class of admissible

V functionals.
Definition 4: A function V : X -+ R is said to be an
admissible Lyapunov functional if

(1) v(o) =0 ,

(i1) V is continuous on X,

(iii) the closure of the set

Q = {taeX : V(a) <m} , (11)

denoted by Q,, is bounded for all m >0, and

(iv) there exists a functionVV : X X X - R such
that for ail a, x€X,
(a) V(at+tx) - V(a) <vV(a,x) + olllxl)
(b) vV(a,x) is linear and continuous in x,
uniformly with respect to a ¢ Qm for each

m > 0.8



13

Under the assumptions of Definition 4 and given (1)
and (4), one has for all a¢Q_[1D(4) and any m >0,

V(a) = TIm_ t71[V(T.2) - V(a)]
tsot

< Iim t'l[VV(a,Tta-a) + o(liT a-all )]
t-o*

<Tim vV(a,aa) + TIm_t T o(t laall)
t-ot t-ot

~
[
n
~

=vV(a,ia)

It follows from the fact that D(A) is dense and from the
continuity of V and the solutions x, that, given vV(a,Aa)
<0 for a sﬁm 1 D(4), then V(a) < 0 for all asﬁm. On this
basis the following stability theorems majr be stated.

Theorem 1: Given the assumptions for (3), suppose there
exist an admissible Lyapunov functional V on X and three

functions ¥4, 1[:2 e KR, 1[»3 €K, such that for some m > O,
(1) ¥, (fall) V(@) <45 (flall), a €T, and

(11) vV(a,ka) < - ¥5(lal) , aeQ, [1D@a) .

Then the trivial solution of (3) is agymptotically stable.B

Theorem 2: If in Theorem 1 the functions ¥;, ¥, and zb3
are of the same order of magnitude in class KR, then the

trivial solution of (3) is exponentially stable.B
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These theorems, which are readily shown (see, e.g.
Hahn [12]), are the results on which the theorems of the
next chapter are based. If the hypotheses of Theorems 1
and 2 can be shown to hold for an arbitrarily large m,

then one is able to conclude that the respective stabil-

ities are global.
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IV. MAIN RESULTS: LARGE-SCALE SYSTEMS
DEFINED ON BANACH SPACES

Large-scale systems will now be considered which are
in the form of interconnected subsystems. The isolated
subsystems 8., i=l,...,4, are introduced first. Then, it
is shown how these subsystems are to be interconnected to
form the composite system &. The remainder of this chapter
contains the main results for asymptotic and exponential
stability of &. The proofs of these theorems may be found
in Appendix A.

The isolated subsystems are differential equations in

the manner of (3). That is,

i i
: = F.z2 Zn = a i=1 2 (13)
. - - o o 0
i z% it ? 0] i ’ ’ 3
. A .. o - - ’ ~
are assumed tc satisfy all restrictions satisfied by (3)

where z%eszi, Zi being the subsystem state Banach space
with norm H-Hi.

By choosing the subsystems:&i of sufficiently low order
each may be analyzed by Lyapunov's direct method as outlined
in the previous chapter. The resulting information is sum-

marized in the following properties.

Definition 5: An isolated subsystem.Si is said to possess

Property A if there exist an admissible Lyapunov functional

V4, three functions ¥4, b; 5 € KR, ¢i3sz, and a real constant
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a5 such that for some my >0

(1) ¥y (Ulaglly) £V (ay) < by,Ulaglls) 5 a5 eQp
i
and

(11) YV, (a;,Fya;) £ oy¥;50laslli) 5 2y a'@miﬂ D(F;) .0

Definition 6: If in Definition 5 the functions ¢1, ¢2 and
¢3 are of the same order of magnitude in class KR, then

isolated subsystem.sSi is said to possess Property B.B

Ciearly, if gy < .0, then Definiticns 5 and 6 correspond
to the hypotheses of stability Theorems 1 and 2. The con-
stant 0; may be loosely interpreted as a damping factor,
and it is therefore a measure of the degree of stability
of the subsystem ’81' This will be useful in studying the
effects of subsystems on the behavior of the entire inter-
connected system.

The composite system state consists of the vector of
subsystem states, x = (zi), i=l,...,4. Letting

2

X= x 2,
i=1 *

be the composite system space, define the composite norm

I = max 24y - (14)

Under this norm X is a Banach space.
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The subsystems are interconnected in the following

fashion to comprise the composite system

A i s

with x5 = a = (a;), i=l,...,4. The operator G;, defining
the interconnection structure, has domain D(Gi)C:ZX and
maps D(Gi) into Z,.

It should be noted that, although the additive nature
of the interconnections in (15) may appear to be restrictive,
- it is, nevertheless, always possible to achieve such a de-
composition. It may occur that, either by choice or by
necessity, one or more of the operators F; is zero. How-
ever, this case is not excluded by Properties A or B. The
introduction of the isolated subsystem.s.Si is therefore as
much a conceptual tool as it is a natural formulation of
the propieii.

Letting Ax = (F. 2% + G;x), i=l,...,%, Equation 15 can

i
be expressed equivalently as

2 : X, = Ax, , Xy =a, (16)

which is clearly identical to (3). It will be assumed that
all restrictions on (3) hold as well for (16). Therefore
Theorems 1 and 2 may also be applied to (16) and this will

be the basis for subsequent results.
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The proofs of the theorems in this section may be found

in Appendix A.

Theorem 3: Assume that composite system.% satisfies the

following conditions:

(i) each isolated subsystem..8i possesses Property Aj
(ii) given the Lyapunov functionals Vi and comparison
functions ¢i3, i=1,...,%, of hypothesis (i),
there exist real constants b, , 1,351,444,

such that

i A !
vV (a;,6;2) <04 5lagll; )12 j=lbij[¢j3(“aj“j)]é

17
2 (17)

for all ae x. Q. [l D(4a); and
i=1 Wy

(1ii) there exist positive constants e i=ly... 44,

such that the test matrix S = Ksij)), A L R
defined by
(6, (054D ) =3
a, (o;+b; . =
IR R Bt F A +=d
/
S =

i3 (18)

.]_- + ¥ k|
w 2(aibi_j.ajbji) , 1A

\

is negative definite.

Then the trivial solution of 8 is asymptotically stable.B
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Theorem 4: Assume that composite system;g satisfies the

following conditions:
(i) each isolated subsystem possesses Property B and
all comparison functions ¥, i=l,...,4, j=1,2,3,
are of the same order of magnitude;

(1i) hypotheses (ii) and (iii) of Theorem 3 hold.

Then the trivial solution of ® is exponentially stable.ll

It is emphasized that the above results express the
stability of 8§ in terms of the lower order subsystem prop-
erties, and in terms of bounds on the interconnecting
structure (Equation 17). The confining relationship be-
tween these properties is determined by the test matrix S.

The matrix S is of particular interest since a num-
ber of observations may be made regarding the negative
definiteness condition.

First, note that a necessary condition for negative

o; +by; <0, i=l,... b . (19)

Thus, each subsystem must either possess a certain degree

of stability, or the intercomnecting structure must provide

local stabilizing feedback around unstable subsystems.
Second, note that the nature of the bounds on the

interconnecting structure is to express theilr strength,
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relative to the subsystem damping. The negative definite-
ness condition has the effect of limiting the degree to
which the intercomnecting structure effects the behavior

of the composite system. Therefore, these results are
essentlially weak coupling conditions. That is, given the
degree of stability of the subsystems (with the local feed-
back), the condition on S determines a permissible strength
of interconnection below which one may conclude stability
for the interconnected system. This appears to be char-
acteristic of most results obtained so far for large?scale
systems.

The observations just cited suggest a systematic pro-
cedure for the stabilization of unstable large-scale sys-
tems through the use of local stabilizing feedback around
the subsystems. With subsystems of sufficiently low order
existing stabiilization technigues coudld be appiied with
relative ease. The degree of stabilization needed would

b in ! ndition on the test matrix S.

(]
£
(0]
ct
[}
H3
[£]
'..l
'3
[(}
£
(o3
“
«t
o)
(D
Q
O

Note that in using Theorems 3 and 4 it is necessary
to find the positive conmstants «;, i=1l,...,%, such that
S will be negative definite. It is not evident in advance
that such constants exist, and although the choice of such
constants is not unique, one may not be fortunate in find-
ing an appropriate set. If the constants bij’ itj, i,j=

1,...,%, are nonnegative, the necessity of choosing
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arbitrary constants may be eliminated. This will be ac-
complished in the following results. It should be noted,

however, that no such restriction on the sign of the bij's
was made in Theorems 3 and 4. Therefore these theorems

will remain important due to their greater generality.

The assumption of nonnegativeness on the sign of the
off-diagonal terms in (18) is useful in that it permits the
use of the theory of M-matrices in expressing stability

conditions for<&.

Definition 7 [4]: A matrix D = «dij»’ i,j=1,...,24, is
said to be an M-matrix if d;; < O for all i#j, and if onme

of the following equivalent conditions is satisfied:

(i) the successive principal minors of D are each
positive;
(ii) there is a vector x >0 such that Dx >0
(iii) there is a vector y >0 such that D'y >0;
(iv) D is nonsingular and all elements of DA"l are
nonnegative; and
(v) the real parts of the eigenvalues of D are

all positive.®

If D is an M-matrix, the existence of a diagonal matrix
W with positive diagonal elements can be shown such that
WD + D'W is positive definite (see Appendix C). This and
a number of other properties of M-matrices can be found in

(4], [31], [32], and so on. These results are used to yield
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the following theorems.

Theorem 5: Assume that conditions (i) and (ii) of Theorem
3 hold with bij 2 0 for all i#j. If the successive princi-
pal minors of the test matrix D = «dij»’ i,j=1,...,%, are

positive, where
r
(=(og+by5) ,  1%]
4 = | , (20)

then the trivial solution of & is agsymptotically stable.j

Note that this test matrix condition is completely
computational, involving no arbitrary constants to be
chosen. Thus, Theorem 5 offers a distinct advantage over
Theorem 3. The next theorem, while reintroducing arbitrary
constants, is in a form which illustrates very clearly the

weak coupling nature of these results.

Theorem 6: Assume that conditions (i) and (ii) of Theorem
3 hold with bij > O for all i#j. If there exist positive

constants Ay, i=l,...,%4, such that

/t >\.'
j=1 i
J#1

then the trivial solution of 3 is asymptotically stable.ll

One can now see immediately that Equation 19 is satis-

fied, and that the strength of the interconnections between
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subsystems must be limited as indicated previously.

The choice of constants in Theorem 6 is less difficult
than in Theorem 3 since the condition to be satisfied is
simpler. Linear programming techniques appear to be ap-
propriate in this case.

It is possible to obtain other theorems which are
similar to Theorems 5 and 6 by using the theory of M-
matrices. For example, the condition on the text matrix
D in Theorem 5 could be changed to require that D must
possess a positive inverse or that D must have its eigen-
values in the right half plane. This is made evident in
Appendix A where the previous two theorems are shown
to be mathematically equivalent. These two were chosen
since they appear to be the most useful among the alter-
natives. An investigator can therefore choose among sev-
eral possible tests for the stability of large-scale sys-
tems.

It can be shown that if a matrix D is sn M-matrix,
then D-pI is an M-matrix if and only if p <minRelA(D)] (see
Appendix C). This is the basis for the following important
result.

Theorem 7: Let the matrix D be defined as in Theorem 5,
and assume that composite system:& has been shown to be
asymptotically stable by either Theorem 5 or 6. Then any
modification of the subsystems.3i (or their local feedback)
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which increases each (Gi+bii) by less than p =minRe[A(D)]

will leave the system . asymptotically stable.l

In this sense p may be interpreted as a margin of sta-
bility for the large-scale system. It may be used to judge
how sensitive the stability is with respect to structural
changes and is therefore a useful parameter.

Theorems 5-7 can readily be extended to include ex-
ponential as well as asymptotic stability. This is ac-
complished in the manner of Theorem 4% by simply requiri
all comparison functions to be of the same order of magni-

tude.

The following examples will serve to illustrate the
manner in which the previous theorems are applied. In the
first example a simple hybrid system is given as a demon-
stration that such systems may be approached'by tThne method
presented. The second more complex example represents an

<= q + 3 4 =T £3 1A Ead |
actual system arising from the field of nuclear reactor

Example 3: Consider the hybrid system described by the

equations
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L ‘
A =al+v] @Ry

0 $ (22)
25 = av,25(y) - BE(¥) + e(y)e'z

J

where z% eR® and z% eLZ[O,L]. The second subsystem state
z% is assumed to satisfy the boundary condition
L

vzay)? | <0, teE . (23)
0

In addition, A is assumed to be a stable nxn matrix. The
constants a and P are positive, b and ¢ are n vectors, and
f, g sL2[O,L] are sufficiently smooth to guarantee solu-
tions for (22).

The isolated subsystems are chosen as

3, s 2% = Az% , and ]
(24)
3, s 45 = avyyzi(y) - By |

Since A is stable, there exists a positive definite sym-

A
metric matrix P such that A'P + PA = - Q is negative

definite. Choosing V;(a;) = al'Pal, one has

Ay
R PR WESTEN RS AT RS WE IEH L THACEW DI

(25)
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and
VVl(al,Flal) = ’Va’lV]_(al)'Fla:L = -al'Qa:L < -Km(Q)lall2
= o1% 302y 1) (26)

and

= o ( ) ’
oy A (Q) . (27)

For 8, choose Vy(ay) = & |la |5 so that

A
by llaglly) = Volay) 2 dpslliagly) (28)
and
i'L
VVp(a,,Fpa,) = 5 | va.zaz(y)2F2a2(y)dy
0

L
| aylav, 2,(v) - Bay(v) 1y

0
L L
= | I-atwa,(1)? - Bay ()2 1ay + § Ya(r)?
0 0

In

-B llall® = oy ¥,50la,)) (29)
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and

02 = -B . (30)
Clearly, isolated subsystemsxg1 an.d.S2 both possess
Property B.

Next consider the bounds on the interconnecting

structure. One has

L
vV (ay,012) = Y, Vap)'Ga = 2a,'Pb | £y
L 2lall>\m(P)lbl “f“2 ”32“2 (31)
which implies that
by =0 , by, =2 A, (P) | D] llf112 . (32)
Finally,
L
VVa(aa,Gaa) =% \‘ AV aq(y)Zan dy
 cz°’ <z = o a.2 c c
L
= j ag(y)g(y)ctald}’é“agllg ”8“2 lel lall (33)
0

which implies that



28

by; =llelly lel 5 by =0 . (34%)
The test matrix for Theorem 4 is therefore

-a1 7, (2) ayhy(P) bl €], +5a; leliyle]
5= (35)
Lo llglly lel +ay(®)ol lif |, ~a,8

[RE—— |

By choosing

ap = NP el 5 oy = 2ig]l, fel (36)

one finds that S is negative definite if and only if

(Q)
B [%m% 2 [b] lel lI5ll, ey (37)

That is, given the initial assumptions, hybrid system

(22) satisfies the hypotheses of Theorem “+ and is therefore

exponentially stable if inequality (37) is satisfied. The

Example L: Consider the point kinetics model of a coupled

core nuclear reactor with £ cores (see [33], [34]) described

by the set of equations

. 6
AgPy (8) = [py(£) &5 =By IR (8) +p,(£)+ 5 B

\
= 1 xi (F
L I t
+ jz €54 ?iB ‘[ hji(t-s)Pj(s)ds ,
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i (t) = N [Py (8) —epy (B)] , i=1,...,2, k=1,...,6

(38)

where P; ¢ R 45 R and Cpi ° R 5 R represent the power in the

ith core and the concentration of the kth precursor in the

18 core, respectively. The constants A;, €5, B;, By, €51
P;os and A, are all positive, where

6

By = £ By -
1 g2 Tki

The functions hji : R* L, R determine the coupling via neu-
th th

tron migration from the j core to the i™ core. The
reactivity p; (t) of the i core is expressed by the rela-
tion
t
p;(t) = [ wy (t-s)p; (s)ds , i=l,...,0 (39)

Y
- OO

where Wy 2 R~ R. Making the physically realistic assump-

tion that

t
%imé° cKi(t)e)\ki =0 , k=l,...,6 , i=1,...,% (+0)

one obtains from (38)

t
. -\ . (t=-s)

-0

i=l,.00,0 o (41)
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By using (39) and (41) to eliminate p;(t) and ¢,y (t) from
(38), one is left with 2 functional differential equations
which will now be modified, as in Example 2, to be of the
form (15).

In order to simplify the notation, let

é .A-l 6 -)\kit
(42)
JAN-
K, €470 (e5+B5) (43)
ng(£) = AThwg (8) , isl,... %, (%)
and
s €3iF30 e .
g;:(t) = 7£ngf'hﬁi(t) , 13 5 1i,3=1l,...,4 . (4+5)
—v iti0 ¢
To put (38) into appropriate form, let
z%(r) = p;(t+t) , T L0, i=l,...,4 . (46)

Eliminating pi(t) and cki(t), making the change of variables
s = t+t, and noting that p;(t) = z;(0) one obtains %k, = Ax,,

where x, = (z%), i=l,...,t, and



31

/ . .
K70 + | g )zl

-0

0 ,
+ 220 | n;(cwzitadau
() = ax () =< . (47)
Xy .
+ = 5 gij(-u)zé(u)du , t=0
=l "o
JAL

i
.2 (u)l <0 .
ALt a=c

The initial condition is therefore zjg(t) = a; (1) = p; (x),
t £ 0, i=l,...,t, the past history of p;(t) at t=0.
For some L; > 0, define the functions

Liu

N

~
v

(48)

m, (u) = i=l,...42

< B oy

respective norms defined, using the

integral, as
. 0 - 1
Iz, = 0] A w)Pam w1k

- OO
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s .0 - L.u i
= 1210 + j 7iu)Pe T auy? s 171,...,4

(4+9)
Then Zi is an L2-space with the above norm and zj,é sZi.

System (47) may be viewed as an intercommection of 4

isolated subsystems )31 described by

0
Kzl + | £ (-wzkwau

-0

0 |
o) = Pl =4 +2i | onwslian, =0 (50)

-0

N
: <
\ Vﬁz“(u)tu:c , T<X0

At R For,fsi choose the Lyapunov functional
0
Vi(ai) = ai(O)2 + K. ‘E ai(u)ze

-0

Liu
du , i=1,...,% .

(51)

Then

min(1,X,) [lagll$ <V (a;) < max(1,%;) [lagll? (52)

and
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vV, (a;,Fia5) = 2a;(0)F;a, (0)

+ 2k, | al(wFya; (e

- O

u
*du . (53)

For initial conditions satisfying

5 Li’t
lim a; ()% =0 , i=l,...,4 , (5%)
Ty
integration by parts yields
.0 . L;u .0 L.u
j ai(u)Fiai(u)e du = j ai(u)Vu ai(u)e du
0] L.u
_ 1 2 1 2 i . _
=52;(0° -5 1y 5 a;(u)% * du , i=l,...,%
e\
\J//
Let
0
" L-u I
by & [ a;(we T aul®, is1,...,0 (56)

-

ant. gssume Li > 0 can be chosen such that

e; 1] £
.

L.u |
ludu]/2 (57)

and
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a, 2] n@?
0

L.u
Taur? | 1=1,... 2 (58)

? ?

are finite. Applying (55) and the Cauchy-Schwarz inequality

to (53), one obtains

0
VY, (a; ;) = 28, (0)[-K;2,(0) + | £, (-wa, (wau

-0

o)

+2;(0) | n;(-wa (w)du] + 2K, [5 a;(0)

0 L.u/

5 ( -L; 2 L
= -K.2,(0)° + 2a,(0) [fi(-u)e ][ai(u)e

w/2

1 Jdu

5 0 “Low/2 L,u/2
+ 2ai(0) J [n; (-u)e = ]Lai(u)e = Jdu

-
0
u

- K.L j. a (u)zeLi du
i71 i

-0

2 2 2
< K;a;(0)% + 2°iai(o)bi - K;L,bS + 2d;a; (0)%by

(59)
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i=1,...,%, a polynomial in a;(0) and b,. The first three

terms are a quadratic form which is negative definite if

K; N Li > ¢; 5 171,...,4 . (60)

This may be interpreted as a condition which requires the
most recent history of the reactor to dominate the dynamic
behavior of the system. The fourth term in (59) is a
third order term and therefore, if (60) is satisfied, then
VV.(a;,F:a;) is negative definite in some neighborhood of

the origin. That is, for any 05 such that

1 1 2 2%

(where the lower bound is the maximum eigenvalue of the

quadratic terms) one has

VVsla: ,Fia: ) £ d:(a
ifi%i/ = Y1

2., .2
i i ¥

o) \ i 2 3= ¥
\wv/ ™ i/ i i 9 BN .L’ooc,v
(62)

for “ai“i sufficiently small. It follows from (52) and (62)

that subsystems-3i possess Property B.

T~
UL

I L.u % L, L :
cyy = L] gij(u)ge ddul? , i#5 , 1,i=1l,..00,L (63)

Then



L .0
T Gay40) = 22,(0) 3 | esy(-way )
AT
r .0 -Lw/2 Lyu/2
= 2ai(0) Zl j‘w[gij(—u)e ][aj(u)e lau
3#1 -
22 1
<2a;(0) I 2c;sb; <llaglly T o2e55 llaglly o (64)
=1 j=1
Jfl J#L

since ¥;4(r) = r? it follows that

b;; =0, b =205 >0, iA], i,j=L,...,.4 . (65)

Theorems 5-7 may now be applied given the constants in (61)
and (65). For example, if Y = 2 Theorem 5 yields the con-
dition ¢
Thus, it may be concluded that, if each core of a
coupled core nuclear reactor is exponentially stable when
isolated, and if the coupling between cores via neutron
migration is sufficiently weak (as determined by Theorems
5 or 6), then the reactor is also exponentially stable.
Finally, note that if d; = 0, i=1,...,4, then the sys-
tem equations (38) are linear and the third order term in
(59) is zero. Consequently, the lower bound on o; in (61)
may be utilized in (62) for arbitrarily large “ai“i' There-

fore, in this case the exponential stability would be global.l
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V. STOCHASTIC DYNAMICAL SYSTEMS

In addition to dynamical systems on Banach spaces,
Lyapunov's direct method has also been applied in recent
years to stochastic systems whose trajectories are Markov
processes. Systems of interest, however, are such that
trajectories are not solutions of a differential equation
in the same sense as discussed in Chapter III. The pro-
cedure which enables the Lyapunov stability analysis of
stochastic systems is to utilize the dynamics of the so-
called backward diffusion equation for Markov processes
(see, e.g. [35], [36]). The resulting stability theorems,
while similar to those given in Chapter III, must be con-
sidered independently of the previous results due to second
order effects which can occur.
n

— - rd \
Random processes x l@jeR™,
it 7

which are defined on a probability space (Q,4,P), where Q

+ -nt
¢ ER .

is the event space, 4 is a o-algebra of events in Q, and
Pis a probability measure on d. The random behavior of

X¢ is characterized by the distribution function

P(t,B) =P{x_eB} , (66)

and the transition function

P (t,B) =P{x. _=Blx _=a} , (67)



38

the latter denoting a conditional probability. The evolu-
tion of the distribution function is completely determined

by the transition function as follows

P(t+t,B) = j' P_(t,B)P(7,da) . (68)
a eR1

Define the operators T, téR+, on the functionals of

R® as the conditional expectation

Then, if x; is a homogeneous Markov process, it can be shown
that Tt is a semigroup and can therefore define a dynamical
system as in Chapter III. Letting A be the infinitesimal

generator of Tt (which exists, for example, if Xt is right

Gt = Avy , vola) =V(a) . (70)

This is known as the backward diffusion equation of Xy e

In particular, if

1

1, a¢€B

V(a) = Ig(a) = { . , . (71)
0, a B

the indicator function of B, then

T,Ig(a) = P_(t,B) . (72)



39

and satisfies the equation
0
3t Po(t,B) = AP (£,B) , P (0,B) = Iz(a) . (73)

This defines the fundamental solution of (70) and cor-
responds to the case where the initial condition xo(m) = a
is constant. It follows from (69), therefore, that the
subset of solutions with nonrandom initial conditions com-
pletely characterizes the behavior of Xy o Henceforth, it

will be assumed that xo(w) = g is a constant.

In the following development some specific types of
Markov processes will be of interest. For example, xt(w)

may be defined as the soclution of the Ito differential

equation [35]1-[37]

dx, = m(xt)dt + G(xt)d€% (74%)

where ft sRm, t eRf, is a normalized Gaussian random
process with independent increments. Eguation 74 must be
interpreted as an integral equation, but is usually written
in the above differential form analogous to corresponding
deterministic differential equations. It will be assumed
that (74) is well-posed in the sense that it possesses
unique solutions whose distribution functions are uniquely
determined by some infinitesimal generator A.

Two particular cases are of interest. First, suppose
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{; = wy, a normalized Wiener process. The infinitesimal

generator then has the form

Av(a) £27(a) = n(a)'v¥(a) + § trlo(a)' v, V(a)a(a)] .

(75)

This corresponds to the case where the stochastic disturbance
is "white noise".

Another common form for the disturbance is "shot noise"
which is obtained by letting ft‘= Qg be a normalized Poisson
step process. The independent components Q3 of q experience
a jump in any interval of length At with probability
piAt-+o(At). The jump amplitude distribution is given by
Pi(dqi) and is such that

| qPiaq) =0,  isl,..m (76)
Qs

and
j qizpi(dqi) = pj'_l, i=l,...,m . (773
93

The corresponding infinitesimal generator is

av(a) 407(a) = m(a)' v, V(a)

+

TR =

=1 Jl [V(a+cr.i(a)qi)- v(a)] piPi(dqj_) ,
B (78)
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th column of o.

where o 5 denotes the i
Note that if V has the quadratic form V(a) = a'Pa then

LV and DV will be identical. That is

La'Pa =pa'Pa = 2m(a)'Pa + tr[o(a)'Po(a)] . (79)

Therefore, results obtained for systems of the form (74)
using quadratic V functionals will apply to systems with
either Wiener or Poisson disturbances.

Another type of Markov process is one which is gen-

erated by the equation

ke = £(x;,7,) (80)

where Vi eRT is a jump Markov process taking values in the
set ¥ = 1y;, i=1,...,N}. The probability of a jump from

y; to ¥ in any interval of length At is pijam + o(at).

iIn this case, in order to be considered as a Markov process,

by

[y
!
17}
g o]
@
[
H
(MR
wi
(4]
(RN
<i
(4
o

N
+ jil pij[V(a,yj) - Wa,y;)]1 . (81)
jAL

In this case, only part of the system state is of interest

in a stabillty analysis, namely Ko The definitions and
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theorems will take this possibility into account.

Given a Lyapunov functional V in the domain of A, the
infinitesimal generator for some Markov process z., the
stability theorems for stochastic systems are based on the

equation

t
B, V(zy) = Vizg) + B, fo av(z,)dt (82)

which is called Dynkin's formula [35]-[37]. Then AV, which

may be interpreted as the average rate of change of V(zt),
performs a role analogous to that of ﬁ for deterministic
systems.

There are several types of stochastic stability which

could be considered. In the subsequent results the follow-

B hih A k!

will be used. If is assumed that systems
(74) and (80) are such that they possess the trivial solu-
tion x. (@) = 0, t eR’.

Definition 8: The trivial solution is said to be asymp-
totically stable in the large with probability one (ASL

w.p.1) if, given x5 = a (and y, €Y),

(i) for every € > 0 and p > O there is a & > 0 such

that for any a eR®, |a| <3 implies

Pi{sup |x. | 2 e | x5 =a} < p, and
teRt © 0 ’



%3

(i1) |x.| - O with probability one.l

Definition 9: The trivial solution is said to be ex-

ponentially stable in the large with probability one
(ESL w.p.1l) if, given any Xy = a (and yt)eY), condition

(1) of Definition 8 is satisfied and

(i1)" for all T eR" and € > O there exist positive

constants M and P such that

Pisup lxtl 2e| xg= al < MePT % |
t2T

These definitions pertain to the sample functions of
X; on Rf, which is probably of particular engineering in-
terest since the observable behavior of a system is gen-~
erally its sample functions. On the other hand moments
might also be of interest and therefore the following |

definition is added.

Definition 10:¢ The trivial solution is said to be

exponentially stable in the large in the quadratic mean
(ESL q.m.) if, given x4 = a (and yq e¥),

(i) for every € > O there is a & > 0 such that for

any a eRn, la] <b implies

2
sup E_|x. |° L ¢ and
e S ’

(ii) there exist positive constants M and B such that
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Ea|xt| < Me PV

Stability results for large-scale stochastic systems
will be based on the following theorems (see [36], [371).
The notation V(a,.) will be used to denote the possibility

of the augmented state as discussed previously.

Theorem 8: Suppose there exist a Lyapunov functional V in
the domain of A and three functions ¥,, ¥, €KR, ¢3 eK such
that

(1) ¥;(la]) < V(a,+) < ¥,(]a]), and

(ii) AV(a,-) £ -¢3(lal),

for all a €R" (and Yo €Y). Then the trivial solution of
(7%) (or €(80)) is ASL w.p.l.B

. 2
Theorem 9: If in Theorem 8, ¥1(r) = c¢yr7, ¥,(r) = c2r2,
2
a3 Ak N = A o b S Y e vy =S vy
and ¥a\rs = v31' where c¢,; ¢, and c3 are positive constants,

then the trivial solution of (74%) (or (80)) is ESL w.p.l
and ESL q.m.'

For other results see [36]-[%1].
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VI. MAIN RESULTS: LARGE-SCALE STOCHASTIC SYSTEMS

The large-scale versions of stochastic systems (74%) and

(80) will now be considered in a fashion similar to that of

Chapter IV.
The isolated subsystems for systems of the type (74%)

are

8, :dzl =m (zhiat +o (D€l , i=1,000 , (83)

where z% aRni, and f % € Rmi is a normalized Gaussian random
process with independent increments for each i=l1l,...,%4.
Assume subsystems (83) possess trivial solutions.

The isolated subsystems for systems of the type (80)

are

3. é% = fi(z%,y%) s i=l,... b (8%)

where z%faRni, and y%éiRmi is a jump Markov process taking
values in the set ¥; = {y%, §=1y...,N;3 for each i=1,...,4.
Assume subsystems (84) possess trivial solutions.

The subsystems:Si may be analyzed by Lyapunov's direct
method as indicated in the previous chapter. As with the
subsystems of Chapter IV the resulting information is sum-

marized in the following properties.
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Definition 11: An isolated subsystem.-8i is said to possess
Property C if there exist a Lyapunov function Vi in the
domain of A, (the infinitesimal generator of &,), three
functions V.., ¥;, KR, ¢i3 e, and a real constant o

such that
(i) ¢il(lail) S Vi(ag,) < ¥.5(ayf) , and

(ii) Aivi(ai,.) _<. Gi¢'3(lail) 9

1
fPar a1l Y fomg v eV, ) E
e [ = % S ai E-Lt \anu Sro E .;i,--
Definition 12: If in Definition 11, ¥;,(r) = c; r°,

bio(r) = ci2r2, by3(r) = r2, where c;; and c,, are positive
constants, then isolated subsystem.éi is said to possess

Property D.J

If o; < 0, then Definitions 11 and 12 correspond to
the hypotheses of stability Theorems 8 and 9. Therefore
N plays the same role here as it did in Chapter IV, being

a measure of the degree of stability of,Si.

The subsys’t;emslg:.L of the form (83) will be intercon-

nected to rm a o

- -

. 2 .
3z azi = m, (z1)dt+g, (x,)at+ jzl oij(z%)df% , (85)

i=l,...,%, where x; = (zi), i=1,...,4. The disturbances

é% are assumed to be independent. Letting m(x) =
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(my () + g5 (x)), 1=1,..0,4, 0(x) = (og;(20IN, 1,551, .1,
and ét = (§%), j=1,...,4, then (85) can be expressed

equivalently as

S dx, = m(xt)dt + o(xt)dft (86)

which is identical to (74). It is assumed that (86)
possesses the trivial solution x =0, t eR+, and that
composite system,8 and its isolated subsystems:&i are well-
posed {see [351-[371).

Su‘bsystemagi of the form (84%) will be interconnected

to form a composite system as follows
.01 i i

'~ i=1,...,%, where x, = (z%), i=1,...,4. The disturbances
y% are agssumed independent. Lettin zi,yi) +
g; (x,¥)), i=1,...,4, where y = (y), i=1l,...,%, then (87)

can be expressed equivalently as

B xy = £(xy,vy) (88)

which is identical to (80). It is assumed that (88)
possesses the trivial solution Xp = o, t €R+, and that
composite system  and its isolated subsystems,&:.L are well-
posed (see [37], [38]).

Note that composite systems (85) and (87) contain
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stochastic disturbances not only in the subsystems but in

the interconnecting structure as well. The following re-

sults will make it possible to determine the influence of

these disturbances on the stability of the composite system.

The proofs of the following theorems may be found in

Appendix B.

Theorem 10: Assume that composite system,é (described by

(85) or (87)) satisfies the following conditions:

(i) in (85), & = (£1), 3=1,...,%, is either a

(ii)

(iii)

Wiener process or a Poisson process, and there
are no stochastic disturbances in the inter-
connecting structure, i.e., Gij(zj) = 0, i#j;
each isolated subsystenu&i possesses Property

Cs

given the Lyapunov functionals Vi and comparison
functions 4, 5, i=1,...,4, of hypothesis (ii),
there exist real constants b, i,551,..0,1,
such that

gi(a,' ).Vaivi(ai,' )

e DT 5o e (e DT (8
- i3 i i=1 135713 J '

0
~~

for all a ¢eR™ (and y €Y); and
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(iv) there exist positive constants ayy i=l,...,4,
such that the test matrix § = «sij»’ i,j=
l,...,4, defined by

i=j

a; (og+bs5) )

Sij = (90)

! ; . .

is negative definite.
Then the trivial solution of & is ASL w.p.l.§

Note that this result is quite similar to Theorem 3
of Chapter IV. In fact, the test matrices are identical
and thefefore all observations following Theorems 3 and 4
in Chapter IV are applicable. This includes the results
involving M-matrices. Theorems 5-7 are readily adaptable
in an obvious manner to apply to the above large-scale
stochastic systems.

The case where composite system.8 described by (85)
has nonzero interconnection disturbances remains to be
considered. This will introduce additional terms into
the test matrix.

Theorem 11: Assume that composite system‘é (described

by (85)) satisfies the following conditions:

(1) in (85), €, = &1), i=1,...,%, is a Wiener

process and in general the interconnecting
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structure disturbances are nonzero;

(ii) each isolated su.bsystem:&i possesses Property

(iii)

(iv)

(v)

(vi)

Cs

given the Lyapunov functionals Vi and compari-
son funetions 9, s, i=1,...,4, of hypothesis
(ii), there exist real constants b;js 1,3%
1,...44, such that

gi(a)'VgiVi(ai)

 Doa(las DA 5 by TéeaClas ]2

< i3 Iail ] 31 i3t7%33 ‘ajl ] (91)
for all a eR%
for each V,, i=l,...,%, there is a positive

constant e such that

N~ {05\
€. 1a.1 2
1 lag 192

‘e v.{a.)a
7, o Vs la;da,
i Vasa,'i i

a

N

ni . ¥
for all a; eR 7, 1=1,...,%

[V 1

for each 4, i,j=1y+..44, 1#j, there exists a

constant dij 2 0 such that

2
“gij(aj )llmé dij¢j3(lajl) (93)
for all a; aRFj, i=ly...,43 and

there exist positive constants a;, i=1,...,%,

such that the test matrix S = «Sij»’ 1,551,000 ,0
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defined by
L2
ay (o;+D;4)+5 on s 0 15
kA1
Si = (9%)
$agby s +asbsi ], 14

is negative definite.
Then the trivial solution of & is ASL w.p.1l.}

Theorem 12: If in Theorems 10 and 11 each isolated sub-
system 3i possesses Property D, then the trivial solution
of 8 is ESL w.p.l and ESL q.m.H

Finally, by taking advantage of the equivalence
between the infinitesimal generators &£ and D for quadratic
Lyapunov functionals, as expressed in (79), the above re-

suits can pe extenaed as roliCws.

Theorem 13: Assume that composite system ;8 (described by

(85)) satisfies the following conditions:

(1) in (85), €, = (€1), i=l,...,0, is either a

Pcisson process , and in

~
(=9

general the interconnecting structure disturbances

are nongero,
(ii) each isolated subsystem ,8]._ possesses Properiy D
. _ 1
definite n; xn; matrix;

where P, is a positive
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(1iii) given the matrices P; of hypothesis (ii), there
exist real constants bij’ i,j=14...,1, such that

1 2

1 1 —
g;(a)'P;a; <5 Jagl = b

5 ijiajl (95)

for all a eRP;

i
constant di

((iv) for each % 3 i,j=1ly...44, i#j, there exists a

5 2 O such that

12

2
llo; 5 Ca;lig < a4 la; (96)

n. .
for all a; eR J, j=1,...,25 and

(v) there exist positive constants a;, i=1,...,%,
such that the test matrix S = «sij»’ i,j51,...,4,
defined by

( 2

a; (og+bss) + 2 apN (PR 5 15§

ii _
== =1

z Al
sij = (97)

is negative definite.
Then the trivial solution of & is ESL w.p.l and ESL q.m.Q

Note that in Theorems 11-13 the interconnection dis-
turbance terms dy;, k,i=l,...,%, k#i, which express the
magnitude of the disturbances, occur on the diagonal of

the test matrix. Their effect on the negative definiteness
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of S is to make more restrictive the conditions on the re-
maining parameters of the matrix. That is, the disturbances
have a degrading influence on the stability of the com-
posite system .

As in Chapter IV, these results are also of a weak
coupling nature. In addition, the stabilization procedure
suggested there is also applicable here.

Attempts at applying the theory of M-matrices to
Theorems 11-13 are not fruitful due to the addition

diagonal terms.

The following examples will illustrate the results
obtained in this section. The first example is a stochastic
version of the indirect control problem. The second ex-
ample is of a nonlinear system with random parameters. The
last example is included as a demonstration of the non-

redundancy of various results.

Example 5: Consider the following version of the indirect

control problem with shot noise

2 . . )
rqal = Bvlﬂ+ _Lk'P(r;Z\R'P.L s o {nJ \RaJ
uat caatuv Y el \a.t/\d.\-l . .t: lj\atlu\it
j=1
AR G
2 2 2 v 1 | j
dzg = [-pzi -rf(zf)]dt +c zt+-j§1 ozj(z%)dq%

where z% eRnl and z% eR, teR'. The matrix A is assumed to
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be stable, b and ¢ are n,-vectors, the scalars p and r are
positive, the matrix valued functions J;; are assumed to

satisfy the inequality (96), and q%, i=1,2, are independent
Poisson processes. The nonlinear function f is continuous

and satisfies the condition

0 < ayflay) < Ka5 (99)

for some constant K > 0.

The isolated subsystems are chosen as

)51 : dz% = Az%dt + oll(z%)dq% \L
[ (100)
»32 : dz% = [-pz% -rf(z%)]dt+ 622(2%)6.(1% !

Since A is a stable matrix, there exists a positive

. 1 VA
P BN 2 am 2 de - - A S D T O+ ) D D -— N 4
definite symme trix P such that AP+ PA = -Q is

negative definite. Choosing V4(a;) = a_-;_Pal, one has for

81, 8 = 24(P)

A (P lag 1% < Vylay) < W(P)]ag|? (101)

Dv,(ap) = ai(A’P+PA)al + tr[oy;(a;)Poy(a)]

< -ajQay + W (P) |y (a2

A

[-0g(Q) + N (Pddp; T2y 12 (102)
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For ,32 choose V2(a2) = ag so that e, = 2 and

DV,(ay) = -Zpag - 2rayf(a,) + I 022(32)“51

< (-2p+dyy)layl® (103)

Isolated subsystems 381 and :82 both possess Properﬁy D

with

op = -)\m(Q) + WPy (104)
and

0, = =2p+dyy (105)

For the interconnections one has

2g1(a)'Pa; = 2f(a,)b'Pa; < 2K|b|N(P)|a||a,] (106)
and

2g2(a)'a2 = Zaica2 < 2]e] la;llas] (107)
giving

by = by = 0, Dyy = KD W(P) , byy = 2jef . (108)

By choosing a; = 1/7\M(P) and a, = 1 matrix 8 of

Theorem 13 becomes
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(@)
-;ﬁzﬁj +dq+ dyy le| + K|Db]

S = (109)
L_Klbl + |ej -2p + dpy + dyp

which is negative definite if and only if
1
p > 35 (dyy+dy,) (110)

and

- Q) | |
K < |b] 1iL;§T§7 -4y, - d22]éL2p -d22-d12]é-lal} .

(111)

That is, if (110) and (111) hold then composite system (98)
is ESL w.p.l and ESL i.p. The weak coupling nature of this

result and the degrading effect of the noise are clearly

Example 6: Consider the system

~~
!
-t
no
.

X, = [Alx) + M(t))x, , x5 =a |,

where x; sR&, t €T, A(x) is an 4 x 4 array of continuous
bounded scalar functions aij(x), i,j=1,...,4, and N(t) is
a random matrix of independent wide-band, zero mean,
Gaussian random processes % 3 nij(t), i,j=1,...,4. System
(112) may be considered as a nonlinear system with random

parameters.
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By letting N(t) approach a white noise matrix, Equa-
tion 112 may be replaced by an equivalent Ito differential
equation as follows. Let o(x) be the 4 x 22 array of 1 x 4

submatrices cij(xj) where

Iy - = Ll . -
oij(x ) = (6ijgijx ), JFl,... 0, (113)
and let v(t) be the 4° x 1 vector given by

W(£)' = (g6, weey myy (), np,(E), wee, myp(E)) .

(11%)

Then (112) may be written equivalently as

5ct = Alxy)x, + o(x)v(t) . (115)

Following rules of transformation (see e.g. [35]), (115) is

dx, = m(xt)dt + o(xt)dwt (116)

. 22 . . .
where o(x) is as above, Wi eR™ 1is a normalized Wiener

process, and m(x) = (m;(x)), i=1,...,%, where

X
j 1 =2 i s _
m; (x) = jzi aij(x)xJ + 5 00ix , isly...t . (117)

The extra term arises from the second order properties of
Ito calculus.

From (113) one obtains the following
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2 2 _.j2 . e '
| o 13 xJ)H = 013 |x9 | , 1,3=1l,...,4 . (118)
Therefore, one has d.. = E 2,
ore, as d 4 T

Choosing the subsystems as

i _1=2 '
»gj_. dxy =5 053 xtdt + oy (x )dwt (119)

where w% ER&, and letting Vi(xl) = % |x%|2, then e; =1 and

¥ <y N R __]_-_-:2 | we |2 ' l doony I~ (vl\'n‘ (vl‘
°‘i“i( R T = B R B S T A ¥ Y]
-2 ,.i2 . _

Therefore, the subsystems possess Property D with

o, =52, i=l,..b . (121)

In addition, since

o

1 : s s
g (x) v V,(x*) = £ a, (x)xIx
1 i< jz i3
X

1

< sup a,_(x)lx l2 + lx l z sup Ia (x)lliI (122)
R& l
J#

then

i = sEp aii(x) s Di: = Sﬁp laij(x)l , i#Aj , (123)
R

i’j=l’..‘,/& L]
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The test matrix S = «Sij»’ i,j=1,...,4 is given by

1
( — -—
aigsEp aii(x)-+ci§) + % k§1 akcki , i=j
R Iy
< kAL .
515 T (124)
1 .z
kg(ai sEp laij(x)l+aj sup laji(x)l) , i

and if S is negative definite, system (112) will be ESL
wep.1l and ESL g.m. by Thecrem l12.

If in particular Gij = 0, 1#j, 143=14.0.44 (that
is, only the diagonal elements of A(x) are disturbed),

then Theorem 10 may be applied. In fact, since

sup |a;.(x)| >0

R& - -
Llm M o dan2or ammmieT b m ama mavmeT I acalT A m . coa Ton mna e
LIUIC I=UA ULl LA L'TOULULD Al T AapilLlILAVLIT Aad WCLLe. 111 O.‘LLG-J_UE\;Y

to Theorem 6 one obtains the condition

— 5 L.
sup a;;(x) < -of - .Ei (X%) Sup laij(x)l <0, (129)
R a4 TR

i=1l,...,%, for some constants A, > O, i=l,...,4. Again,
note the weak coupling and noise degradation implied by

this result.}

Example 7: The following simple example will address a

couple of points which have arisen from the previous
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discussion. These will be indicated as they occur. The

system to be considered is

.1 11 1 1, 2
.2 1 2 (126)
where z. R, i=1,2, yi €¥; = {1,-1} and ¥5 e¥, = {1,3/2,2}.

The jump probability coefficients are piz =1, p%l = 9, and

P = 1/2, i#k, §,k<1,2,3.

Choose the isolated subsystems as

N SR y%z% - (z%)3

1% 27
) , (127)
8, ¢ = - vizglag
and iet
( 1
I a7 y =1
.
Vi(a,77) = 1 s (128)
| 2ay yl = -1
V,(ay,7°) = |ap] (129)
Then

1
a% < Vl(al,y ) < 2a7 (130)
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alvl(al,l) = Zal(— al-a%) + [2a§-—a§]

= - 22 _2af < - 2af (131)
alVl(al,-l) = 4al(al-a%) + 5[a§-—2a§]

= - a%-—4a4 < - hai - (132)

and
GV, as,75) = senlay)(- y3a,la|)

= - y%a3 <-a3 , 1=1,2,3 . (133)

Letting 41,(r) = 12, 9,,(r) = 2%, ¥;5(x) =17, ¥, (r) =
¥oo(r) = || and ¢23(r) = r2, it follows that subsystems
Q P

<~ 9 = s oy
Q4 and X, DOSSess rroperty C with

op =-2 , o, =-1 , (134)

and that they do not possess Property D. The implication
of this is that asymptotic stability may be shown, but not
exponential stability. This alleviates the suspicion that
orly 2xponentially stable systems can be treated by the
present method, as it may have appeared from previous
examples.

For the interconnections one obtains
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1}

g(a)'V, Vy(ap,1) = 2a)(-a;[ay|) = =22y 1%[ay] , (135)

1
81 (2)'5, Ty (ay,-1) =4ay (o [ap]) = lag[Flay] ,  (136)
and

g2(a)'?;2V2(a2’y§) = sgn(aa)(aiaz) = lazllall2 . (137)

Therefore, since [\l)]_:s(lall)]l/2 = lall2 and [ll)23(la,2l)]]/2 =

las|, one has

Noﬁe that b12 < 0 so that the theory of M-matrices is not
applicable here in the previous manner. This shows that
the theorems with negative definite test conditions are
more general than the theorems using M-matrix conditions.
This also was not evident in previous examples.

Using the constants obtained above and choosing

a; =a, =1, the test matrix of Theorem 10 is

) [ -2 -1/2 ]

3 =

_t-l/.?. -1 J |

which is negative definite. Therefore interconnected

-~
[
(U3)
0
N

system (126) is ASL w.p.l.

An interesting aspect of this example is thatjgl
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possesses a structure for y% = -1 which in the deterministic
case would be unstable. The importance of allowing Vi to
depend on the augmented state is illustrated in this case,
since without this possibility Vi could not be chosen to

make ({.V. negative definite.B
i1

Note finally that the deterministic versions of
Examples 5-7 could be analyzed using the results of
Chapter IV. In particular, Example 7 shows that negative
interconnection constants bij’ i#j, are possible in Theorems
3 and 4, and that it is possible to have systems to which

Theorem 3 applies, but not Theorem k.
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VII. CONCLUDING OBSERVATIONS

A number of remarks concerning the results presented
in this dissertation and their relationship to other results
on large-scale systems are in order. The present results
represent a collection of selected results from papers [42 ]
through [47] which were chosen to demonstrate from
an overall view one method of handling the Lyapunov sta-
bility analysis of large-scale systems. This is essentially
the technique of applying comparison functions and weighted-
sum Lyapunov functionals to interconnected systems in a
fashion which allows one to express weak coupling stability
results in terms of conditions on a test matrix. This had
been accomplished for systems described by ordinary dif-
ferential equations, and a few other special cases in such
references as [7]-L11].

The present method, which is essentially a scalar
Lyapunov method, is to be contrasted with a different ap-
proach involving vector Lyapunov functions as introduced
by Bellman [%8]. The latter method, although it also em-
ploys the concept of an interconnected system, departs from
the scalar method in the manner in which the information
regarding the subsystems and interconnecting structure is
used. With the vector Lyapunov functiion method a lower

order comparison system is obtained, the stability of which
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is used to imply, via a comparison principle, the stability
of the original composite system. Any test matrices that
arise in the analysis (if any) simply define the dynamics
of the comparison system. Since the present approach and
the vector approach are different and yield different re-
sults, they should be viewed as being complementary results.
Among the references available for vector Lyapunov function
results are [1]-[6] and [49], [50], the latter two being
contributed to by this author wherein a new comparison

principle for stochastic systems is obtained.

The theory presented in this dissertation represents
an extension of many previous results on large-scale sys-
tems. Specifically, the principle contributions made by

this author have been the application of the method to
ol ynamical gystems on Banach spaces,
of the method to a variety of stochastic systems and to
stochastic systems with disturbances in the interconnecting
structure, the introduction of a degree of stability (or
instability) parameter into the subsystem characterization,
the demonstration of additional M-matrix test procedures,
the statement of more general exponential stability results,
and the development of a margin of stability parameter for
large-scale systems. Due to the more general approach

presented here many of the results in [7]-[11] can be shown

to be special cases ¢f the present results.
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It should be noted that the present results have been
restricted to autonomous systems. This was merely to
simplify the demonstration. In fact, the extension to
nonautonomous systems is generally not difficult. These
nonautonomous cases are considered in [42]-[%7]. The cited
papers also contain other results which have not been in-
cluded here, for example: corollaries exploiting specific
interconnecting structure forms, theorems involving a 4if-
ferent type of bound on the intercomnnecting structure, and

further examples to illustrate the present method.

A number of topics for further research present them-
selves when the present results are studied. Perhaps the
most important of these is to find a technigue for the sta-
bility analysis of large-scale systems which does not yield
weak coupling results. This is the main source of conserv-
atism in present results, and it is responsible for the
general observation that, the finer one decomposes a large-
scale system, the more conservative the results tend to be-
come. This is a disadvantage which forces a compromise be-
tween the present method and conventional Lyapunov methods.

A closely related problem is that of dealing with un-
stable subsystems. As yet no results have been obtained for

this case without the necessity of providing local stabiliz-

ing feedback around unstable subsystems through the inter-

connecting structure.
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In theorems requiring the choice of arbitrary con-
stants (e.g., the a;'s of Theorem 3) it is of interest
whether or not some computational technique exists for
choosing these constants. It seems likely that an iterative
procedure could be implemented in a computer program which
would find such constants quickly. This would be especially
important if the number of constants to be chosen was large.
One might also have some criterion by which the choice of
optimum comstants could be made. This choice might, for
example, be the one which minimizes the conservativeness
of the stability condition.

Finally, it would be of great interest to find actual
specific physical problems for which the present theory
would provide a useful solution. This would do much towards
making these results attractive tools for analysis. Example
4, the coupled core nuclear reactor system, was an attempt
at providing such a problem. Each of the constants and
functions in that example may supposedly be determined by
experimental or theoretical means. This would be a case
ThETE

physically verifiable.
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X. APPENDIX A

The proofs of the main results of Chapter IV regarding
the stability of large-scale systems on Banach spaces are

as follows.

Proof of Theorem 3: By hypothesis (i) of Theorem 3 and the

definition of Property A, there exist admissible Lyapunov
functionals V; for each isolated subsystem8;. By Defini-
tion 4, the sets Qﬁi are closed and bounded. Choose as a
Lyapunov functional for the composite system,& the weighted

sum

2

V(a) = iil aiVi(ai) (140)

where the constants a. > 0, i=1,...,%, are as yet unde-

1
tormd a. IF é min{a.m. ). then 2 £Q_ imniies
N A bbb s A -~ el “‘i-'\ 1 1 9 wesswes - ‘Um - Lo -
.(a. . < a, < m.
Vi(a;) < V(a)/e; <m/ay <m; (141)
or
a n] i=1..... o (142)

That is, am is bounded. In addition, if Theorems 1 or 2
are applied to . with m as specified, then a;, i=1,...,4,
are guaranteed to be such that hypotheses (i) and (ii) are

applicable.
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The continuity of V in (14%0) follows from the con-
tinuity of Vi, i=l,... ,/?/. Furthermore, applying Definition
4 to (140) yields

e .
V(atx) - V(a) = = a; [V; (ay+z") - V(a;)]
X . .
<.z a; [VV; (a;,2") + o(|[z"l;)]
1=
X .
= Zl aivvl(ai,zl‘ +ofj xjj) - (1%3)
1=
That is,
2 .
vV(a,x) ="21 Vv, (ay,2%) . (144)
1=

Since VV;, i=l,...,%, arelinear and continuous in z7

uniformly with respect to aj eQ, 4 it Tfollows that VV is

linear and continuous in X, uni?::)rmly with respect to
ac Qm

Finally since V,(0) = 0, i=1,...,4, then V(0) = 0
and therefore V is admissible by Definition k.

By Property A there exist functions ‘1’11’ ¢i2 e KR

for each subsystem ,Si such that for a; e'(imi, i=1,...,4,

2 X

iil aiﬂ,il(“ai“i) < V(a) < iil (Ii'gl)iz(“ai“i) . (1).4.5')
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The summations on the left and right are both positive -
definite, decrescent and radially unbounded. Therefore
by the properties of such functions (see e.g. [12]) each
can be bounded above and below by functions of class KR.

That is, there exist ¥, ¥, eKR such that

£
Py Ulall) < _21 asvs1laslly) (146)
l:
and
s
iil ailbiZ(“ai“i) < '4’2(“8.“) ) (1%7)
and therefore
41 (lall ) < V(@) < v (lfal) (148)

for all a s@m.
Finally, by the linearity of VV and by hypotheses (i)
and (1i) of Theorem 3, one has for aeQy (] p(a)

2
VV(a,ha) = = a; VV.(a,,Aa)
i=1
L
=5 4 TV(eg,Fa ¢ Gia)
i=1
L

1)

iil a; [7V, (a; ,Fya,) + YV, (a;,G,a)]
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)
<2 a3 {o¥;30lall )

A
L % . %

*Log3llagl 17 2 by 5045502yl )T

L % 2
=5 a; Cog+by 3 { [v; 3024l 10173

+ )él(ab + b ) [bs o Uladl ) T2, o (lad )17

i,4=1 2 1337 %37317H3 2314 j3V'35ty
$#3

=u Su (149)

where u ([¢i3dlaﬂli)]%), i=1,...,4, and S is the test
matrix of hypothesis (iii). Note that the symmetry of the
matrix S is deliberate.

By hypothesis (iii) the positive constants as,
i=1,...,4, may now be chosen such that S is negative

definite. Therefore MN,(S) is a negative real number so

that

L
u'Su < My(8) [ul2 = My(s) 2 vi3lliaglly) . (150)

Since the term on the right is negative definite, it may
be bounded by the negative of some function of class K.

That is, there exists ¢3£iK such that
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L
Ne(8) 2 salliaglly) < ~3(fall) . (151)

i=1
It follows from (149)-(151) that

vV(a,Aa) < - ¢3(HaH) . (152)

All conditions of Theorem 1 have been satisfied for.& and

therefore the conclusion of Theorem 3 holds.l

Proof of Theorem 4: Theorem 4 alters the hypotheses of

Theorem 3 in a manner which makes all comparison functions
iy i=1,...,4, j=1,2,3 of the same order of magnitude.
Composite system ;8 may be shcown to be exponentially stable
if the comparison functions ¥;, ¥, and ¥5 in (148) and
(152) are of the same order of magnitude. This is ac-

complished as follows.

regarding functions of the same order of magnitude, it
follows from hypothesis (i) of Theorem 4 that there is a
function ¥ eXR (€egeyd = ‘l’ll)’ and positive constants

ks 59 i=l,...,%, j=1,2,3, such that
tbil(r) 2 kiq¥(r) , 4y5(r) < k; b (r) ,
¢i3(r) 2 ki3¢(r) (153)

for all r >0, i=1l,...,4. Define the functions byy ¥, and

1b3 as follows
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¢l(r) = min (aqs kll)w(r) ’ (15%)
i
X
bo(r) = (2 a3k, 5)9{r) (155)
21' ile[ 2\{)\ ’
and
¢3(r) = -N\y(8) m%p (ki3)¢(r) , (156)

each of class KR. Then

defined in (1L) and the

one obtains, using the norm [|.]| as

fact that ¢ is a strictly increas-
ing function,
L 2
Zoostanlliaglly) 2 2 ek dlaglly)
5 EN
> min (G kK.4) 2 ¥(laslls)
i 117 54 | ivi
2 min (a, kll) max $(|jasll;)
i i
= min (a,k; ;)0 (max lla;ll;) = o; lall) (157)
i i
Also,
£ L
Lo cavaallaglly) < 2 ek pbCiaglly)
b3
<(2 a, ;Ky5) max w(”all
i=1 i
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1
= o,(lall) . (158)

Finally, since M(S) <O, one has

L %
WS T bi3liaglly) < M(8) 2 ks geCiaglly)

L

< y(8) min (k 3) Z blfazll 5

< W(8) min (ki3) m?x v(llasll;)

i

= 2(S) min (ki3)¢(m?x llasli) = -¢3(HaH) . (159)

i

DN eee . AV 9V .9N L3 9T ama aadt L0
IC e10re \ L-TO ’ \LT/7 /) Qi \1)JL) ar'T SauvisSii

N7

b1y ¥ and $3 are of the same order of —agnitude, composite
system.& satisfies the conditions of Theorem 2. Hence, the

conclusion of Theorem 4 holds.}

Proof of Theorems 5 and 6: These two theorems follow from

the definition of M-matrices and the remark preceding Theorem
5. Let D be the matrix defined in (20) and let W = «alJaJ»
i,3=l,...,4. Then it is easily shown that the matrix

S = - %[WD-PD'W] is identical to the test matrix S of

Theorem 3. By the result cited from the theory of M-matrices
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(see Appendix C) one may conclude that if D is an M-matrix,
then constants a; > 0, i=l,...,l, exist such that WD+D'W
is positive definite, and hence S is negative definite. It
is sufficient therefore to assume that D is an M-matrix in
place of hypothesis (iii) of Theorem 3.
In Theorem 5 the test matrix is assumed to satisfy

the condition on the off-diagonal elements and condition
(i) of Definition 7. These conditions are given in place

. of hypothesis (iii) of Thecrem 3 and since they imply that

=

D is an M-matrix the conclusion of Theorem 5 holds.

In Theorem 6 condition (ii) of Definition 7 is used
in place of condition (i). The positive vector required
is x = (N;), i=1,...,%, and the condition Dx > O may be

written as

1>\jbij >0 , iz=l,...,4 . (160)

TN K

= Nlog+bys) -
J
A simple rearrangement of terms yields (21) and therefore
the conclusion of Theorem 6 holds.

In an analogous manner conditions (iii), (iv) and (v)
could be used to obtain additional results. Condition (v)
could even be expressed in terms of the stability of the
linear system x = - Dx. Such extensions however are obvious

once thelr possibility is pointed out.§
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Proof of Theorem 7: This theorem is a simple consequence
of the remark (see Appendix C) preceding Theorem 7 which
is another result from the theory of M-matrices. The

modification suggested is simply insufficient to change D
from its M-matrix condition. The conclusions of Theorems
5 and 6 are therefore unchanged. Hence the conclusion of

Theorem 7 holds.!



83

XI. APPENDIX B

The proofs of the main results of Chapter VI regarding
the stability of large-scale stochastic systems will be
given subsequently. First, however, some preliminary re-
sults are in order.

The following matrix inequality will be used

tr[O"BO'] = 2 .B. = 3 ¢ .Bo
i,j,k :_]1 Jk kl i 1
<eZlo ilz =e T 0.2=efoll2 (161)
i iy 1]
’
where ¢ ; = (o 31) denotes the i'P column vector of o, and

e is a scalar such that u'Bu < e|ulZ.
Some forms of L, and G for special cases will also

be used. Consider first&ﬁvi for system (85%)

JfVi(ai) = m(a)' V%Vi(ai) + % tr[o(a)'V%aVi(ai)c(a)]

5 [m(a)+g<a>1\— v, (a;)
j=1 25

Y

[V

= trlo, .(a.)'v V.(a,)o. .(a.)]
i, k,m=1 kj*Tj] aa, 117 mj g

+
ol

= = I (a )4— (a)1's, .V v, (a;)
;2 m g;la 15%, V1 a;
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L
l 1

+ = z trlo, . (a;) .0 .v . V.(a;)o .(a.)]
2 j,k,m=1 k] %] ki“mi a;a; 1717"mj "]

= [mi(ai)+-gi(a)]'V;iVi(ai)

Il ™M

3

; tr[cij(aj) V;-a-vi(ai)cij(aj)]

1 i7i

=ZL;V;(a;) + gi(a)'va.vi(ai)

i
1 t !
+35 2 tr[oij(aj) V%.a.vi(ai)oij(aj)] . (162)
j=1 i7i
j#i

If in (85),:5%, j=l,...,%, are Poisson processes then let
pg At + o(At) be the probability of a jump experienced by
the ith component of q% in any interval of length At. Let

the corresponding ju

2

mp ampiitude

v’
(]
ALY

istribution
The infinitesimal generator for (85) may then be written

as
DV(a) = n(a) v, V(a)

m.
£z £ | aro 5 (aad) -7(a) IpfPiaey)
J J
U
(163)

where ¢ 5 K denotes the k™2 column of o j = (g..).
L ] , [ ]

1j
Then if cij(aj) =0, i#j, 1,3=1,...,%, one obtains
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£
DV;(ay) = = lm. (a )+g (a)]’ v, V;(a;)
=1 23
4 By 3
+ jfl kflj [V (a. RAITR k(a )qk) -V, (a; )]pKP (dq )

J-
9

= [mi(ai) + gi(a)]'Va V. (a;)

i
mi N
£z jﬁ[v (2 + 955 o(a;)ad) -7, (2 ) IpEPL(aa))
L
=DV (a5) + gi(a)'vaivi(ai) . (164 )

The equivalence of & and D for quadratic V functions

is shown as follows. Using (78), one has

-— -
2a'FPa = m
& -5 v

o~

+ 1;211 J L(a+c.i(a)qi)'P(a+g'i(a)qi) - aPal

= om(a) Pa + iZl[a Pg_ (a)+c_i(a)!Pa]pi

' Jl 9;P;(da;)
9



o 1
+ I g i(a) Po

i=1

= om(a)'Pa + trlo(a)'Po(a)]

86

i(a)pi .Jl ql Pl(dql)

q3

(165)

where the normalizing conditions (76) and (77) have been

used. For

dfa'Pa

om(a)'Pa +

which is the

m(a)"@}a'Pa) +

(75) one obtains

% trlo(a)’ \'ga(a'Pa)c(a)]

trlo(a)'Po(a)] (166)

same as (165) and establishes the equivalence.

Finally, for system (87) let ka At + o(at) be the

probability of a jump in y:L from yJ to yk during any interval

of length At.

i . -
(Yj), 1_1’n-n”?/ 'tO Yk -
length At has a nonzero
transitions involving a

manner analogous to the

Then for Tt

= (Yt)7 i=l,...,2, with inde-

e prcobability of a jump from y. =

Jd
(yk), i=l,...,4, in an interval of
first order coefficient only for

single component. Therefore, in a

above results one obtains

iy _ i ! i

N,

+ 5 ph IV (ay ) -

k=1
k#j

Vi(ai,Y§)]



87
= i 1 i
= aiVi(ai,Yj) + gi(a,yj) Vgivi(ai,yj) . (167)

It is now possible to proceed with the proéfs.

Proof of Theorem 10: By hypothesis (ii) of Theorem 10 and

the definition of Property C there exist Lyapunov func-
tionals Vi for each subsystem.&i. Choose as a Lyapunov
functional for the composite system;& the weighted sum

2
2

T(ay) = I a.V (a;,") (168)

i=l

where the constants a; > 0, i=1,...,4, are as yet unde-

termined. It follows from Property C that

X 2
- o - < . < - - 03 [}
P a; 959 (as 1) £ V(a,-) < 2 oagbis(fagf) (169)
i=1 i=1
Thererore, as in appendix A, there exist functicns ¥1s ¢2
€ KR such that
wl(laj) S "(a,') S wz(]lajl) . (170)

Note that because of hypothesis (i), which sets 035 =0
for i#j, Equations 162, 164 and 167 each have the form

AV, (ag,+) = A,V (a;,+) + gi(a,-)'vaivi(ai,-) . (171)

Therefore, for the cases of interest, it follows from the

linearity of A and hypotheses (ii) and (iii) that
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£

]
Y Kes

1
Z a; [AV. (a5, ) +g;(a,.) V;ivi(ai,°)]

+

(),_

5’151 aiici¢i3(lail)

(a0 5 b (b Cay DT

=u'su |, (172)
%
where u = €[¢i3(lail)] )y i=1,...,4, and S is the test
matrix of hypothesis (iv). It follows, as in the proof
of Theorem 3 in Appendix A, that
AV(a,-) < -¢3(lal) (173)
where ¢325K. A1l conditions of Theorem 8 have been satis-

fied for:& and therefore the conclusion of Theorem 10 holds.[§
Proof of Theorem 11:

Choose the Lyapunov functional
A

V(a) = iii aiVi(ai) (174%)

as in (168). Then one obtains the analogous condition

¢1(lai) <V(a) < ¢2(lal) (175)



89

where ., b, eKR.
In addition, for this case one obtains the following
result from hypotheses (ii)-(v) of Theorem 11, and Equa-

tions 161 and 162. That is,

LV(a) = i{él a LV (a;)
X 1
= 151 a; §V;(a;) + g;(a) Vaivi(ai)
+% )é trLoi.(a.)'v V.(a.)o..(a;)]}
g;i 37737 ayay i1y

y X %
+ [¥,,(la,1)]° = b::[¢-3(la=l) ]
LD Lo s __n 4.1 .
J—.L
1 * 2
+5 jil elllcij(aj)ﬂm}
JAL
L L2
£ 2 o lo,+b .)iLvi3({all)lé}

i

1 Yar Y
+ ; z z(aibij4—ajbji)L¢i3(lail)]2[¢j3(lajl)]2
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s 5 Saear fleg(a D142

i7i7i}]

= u'Su (176)

where u (L¢i3(lail)]%), i=l,...,2,and S is the test

matrix of hypothesis (vi). It follows as in the previous

proof that

Lv(a) £ - ¢3(lal)

where ¢3zzK, and therefore the conclusion of Theorem 11

holds.B

Proof of Theorem 12: Since each subsystem,ug:.L is now assumed

to possess Property D, it is quite easily shown that the
comparison functions ¢l, ¢2 and ¢3 of Theorems 10 and 11

could pe chosen as

4 (r) = min (go 0% (178)
V(1) = max (aiciz)r2 R (179)
1
and
45(r) = N(8)r% . (180)

Then by Theorem 9, the conclusion of Theorem 12 holds.§
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Proof of Theorem 13: This result follows directly from

Theorems 11 and 12 and the equivalence of &£ and 9, given
the quadratic functionals Vi' The hypothesis analogous

to hypothesis (iv) of Theorem 11 is unnecessary since it

is satisfied automatically with e; = 2Ay(P;). In (95),
2Piai has been substituted for \A Vi(ai). It follows there-

i
fore that the conclusion of Theorem 13 holds.j§
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XII. APPENDIX C

In Chapter IV two properties of M-matrices were used

to establish Theorems 9-7. These results are proven here.

Theorem: Let D be an M-matrix. Then there exists a
diagonal matrix W with positive diagonal elements such

that WD + D'W is positive definite.l

Proof: Let P = WD + D'W. Then since D is an M-matrix
and W has a positive diagonal, it follows that Py =
394 5 + Wjdji L 0 for i#j. That is, P has nonpositive
off-diagonal elements.

By conditions (ii) and (iii) of Definition 7 there
exist vectors x > Oand y > O such that U 2 Dx > 0 and

4 p! = s =
V=Dy > 0. Nowchoose w; =y,;/x;, i=l,...,4. Then

.- e - minry
X T \wu T uU X

]

WO+ V>0. (181)

That is, P satisfies condition (ii) of Definition 7.
The matrix P is seen to be an M-matrix and therefore
by condition (v) the eigenvalues of P have positive real
parts. But, since P is symmetric, it follows that
P = WD + D'W is positive definite. This proves the theorem.f
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Theorem: Let D be an M-matrix and let p < min RelA(D)].
Then D - pI is an M-matrix.}§

Proof: If A(D) is an eigenvalue of D, then
det{ M(D)I-D]= detl(MD)-p)I - (D-pI)] =0 . (182)

That is, MD)-u is an eigenvalue of D-pI. Since p is real,
it follows that

RelN(D)-p] = RelM(D)]-p > min Re[N(D)]-p >0 .  (183)

The matrix D-pI has nonpositive off-diagonal elements and
by (183) the real parts of the eigenvalues of D-pI are
positive. Therefure by Definition 7, using condition (v),
it follows that D-pI is an M-matrix. This proves the

theoren.j
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